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Definition

We study lnmi = (4™, ..o X7, (x1 + -+ - + xn)K) C k[x1, ..., Xa], where
m:(ml,...,mn)GZgz and k > 1.

o Consider Ppm = (x™, ..., x7™).
The algebra
Anm =k[x1,...,Xn]/Pnm
> is Artinian.
» is Gorenstein.
» has the strong Lefschetz
property if char(k) = 0.

Matthias Orth (KU Leuven) Grobner bases and Lefschetz properties 26 June 2025 3/47



Motivation

Definition
We study lnmi = (4™, ..o X7, (x1 + -+ - + xn)K) C k[x1, ..., Xa], where
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The algebra
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Anm =k[x1,...,Xn]/Pnm g
> is Artinian. R
» is Gorenstein.
» has the strong Lefschetz .

property if char(k) = 0.

mn) @ The algebra
- An,m,k = k[Xla .. ’Xn]/ln,m,k

is Artinian.

is generated by forms.
has initial ideals with
combinatorial structure.
has thin Hilbert series if
char(k) = 0.
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Motivation

Definition
We study In,m,k = (lel’ R ,X,’:Tn’ (Xl dbooao +Xn)k) C k[Xl, o ;Xn], .
m = (my,...,m,) € Z%, and k > 1.
: The algebra
o Consider Pom = (x™,...,x™). ° g
Thz ;Ig;br;m ba ") Anmk = k[x1, ..., Xa]/Inm i
Anm =k[x1,...,Xn]/Pnm » is Artinian.

> is generated by forms.

» has initial ideals with
combinatorial structure.

» has thin Hilbert series if
char(k) = 0.

» is Artinian.

» is Gorenstein.

» has the strong Lefschetz
property if char(k) = 0.

Aim
Describe all reduced Grobner bases of the ideals /,, m x and apply them to
Lefschetz properties and Hilbert series of ideals generated by general forms.
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Setting

k: field of characteristic zero.

R = k[x1,...,x,]: standard graded polynomial ring.

Mon(R): set of monomials s = x3* - - - x3* € R with s; € Z>o.
Monomial ideal. ideal generated by monomials.

Every monomial ideal admits a unique minimal generating set.

supp(f): set of monomials in polynomial f € R with coefficient # 0.

Form of degree d: k-linear combination of monomials of degree d.
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Monomial orderings and Grobner bases

Definition
A total ordering < of Mon(R) is
called monomial ordering if
(i) Vs € Mon(R) \ {1}, 1 < s.
(ii) Vs,t,u € Mon(R), s <t =
u-s<u-t.
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Monomial orderings and Grobner bases

Definition
A total ordering < of Mon(R) is
called monomial ordering if
(i) Vs € Mon(R) \ {1}, 1 < s.
(ii) Vs,t,u € Mon(R), s <t =
u-s<u-t.

Definition

Given a monomial order < and

f € R\ {0}, the initial monomial
in<(f) is max~ supp(f). For a
nonzero ideal | C R, the initial ideal

is ino (/) = (inx(F) | f € 1\ {0}).
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Monomial orderings and Grobner bases

Definition
A total ordering < of Mon(R) is
called monomial ordering if
(i) Vs € Mon(R) \ {1}, 1 < s.
(ii) Vs,t,u € Mon(R), s <t =
u-s<u-t.

Definition

Given a monomial order < and

f € R\ {0}, the initial monomial
in<(f) is max~ supp(f). For a
nonzero ideal | C R, the initial ideal
is in<(/) = (in<(f) | £ € 1\ {0}).
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Definition
Let < be a monomial ordering, and
let {0} # I C R be an ideal.

G={g,...,g} C1\{0}isa
reduced Grobner basis of | if. ..

(i) ...in(/) minimally generated by
in(G) = {in(g1)7 cooy in(gr)}v

.. .supp(g; —in(g;)) Nin(/) = 0
forl1 <i<r.

(i)

V.
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Monomial orderings and Grobner bases

Definition
A total ordering < of Mon(R) is
called monomial ordering if
(i) Vs € Mon(R) \ {1}, 1 < s.
(ii) Vs,t,u € Mon(R), s <t =
u-s<u-t.

Definition

Given a monomial order < and

f € R\ {0}, the initial monomial
in<(f) is max~ supp(f). For a
nonzero ideal | C R, the initial ideal
is in<(/) = (in<(f) | £ € 1\ {0}).

Grobner basis is unique.
o

Definition
Let < be a monomial ordering, and
let {0} # I C R be an ideal.

G={g,...,g} C1\{0}isa
reduced Grobner basis of | if. ..

(i) ...in(/) minimally generated by
in(G) = {in(g1)7 cooy in(gr)}v

.. .supp(g; —in(g;)) Nin(/) = 0
forl1 <i<r.

(i)

v

Remark
For a fixed term order, the reduced
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Hilbert series
Definition

Let M = ©g>0My be a finitely generated graded R-module with degree-d
components My. The Hilbert series of M is

HS(M; t) = idimk(/\/fd) t9 .
d=0

Example
For A = k[x1, x]/(x?,x3), we have HS(A; t) = 1 + 2t + 2t% + £3.

Remark

Let {0} # | C R be a homogeneous ideal, and < a monomial ordering
compatible with degrees. Then, HS(R/I; t) = HS(R/in<(/); t).
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Lefschetz properties (WLP and SLP)

e We consider Artinian algebras A = R/I with | C R homogeneous and
O-dimensional, so HS(A; t) is a polynomial.

Definition

Let ¢ € R be a general linear form. A has the WLP if, for all d € Np,
ped: Ad = Adv1, fFrel-f

are maximal rank maps (i.e., are either injective or surjective).
Similarly, A has the SLP if, for all d, e € Ny,

pede: Ad = Adre, Fr>L8-f

have maximal rank.
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Lefschetz properties (WLP and SLP)

e We consider Artinian algebras A = R/I with | C R homogeneous and
O-dimensional, so HS(A; t) is a polynomial.

Definition

Let ¢ € R be a general linear form. A has the WLP if, for all d € Np,
pud: Ad = Agyr, Frarl-f

are maximal rank maps (i.e., are either injective or surjective).
Similarly, A has the SLP if, for all d, e € Ny,

pede: Ad = Adre, Fr>L8-f

have maximal rank.

o |t suffices to exhibit one linear form ¢ with these properties.

o If A is defined by a monomial ideal, then it suffices to consider
¢ = x1+ -+ x, [Nicklasson 2018, Theorem 2.2].

Matthias Orth (KU Leuven) Grobner bases and Lefschetz properties 26 June 2025 9/47



Table of Contents

© Related conjectures and results

Matthias Orth (KU Leuven)

Grobner bases and Lefschetz properties



The ideals /, m x and Froberg's conjecture

o Froberg's conjecture [Froberg 1985]: the Hilbert series for the
quotient of R by m general forms of degrees ai,...,an is

sl

where [...] denotes truncation at the first non-positive coefficient.
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The ideals /, m « and Froberg's conjecture

o Froberg's conjecture [Froberg 1985]: the Hilbert series for the
quotient of R by m general forms of degrees ai,...,an is

el

where [...] denotes truncation at the first non-positive coefficient.

e For R/(x{*,...,x2), [Stanley 1980] and [Watanabe 1989]
independently proved that such rings satisfy the SLP.
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The ideals /, m « and Froberg's conjecture

o Froberg's conjecture [Froberg 1985]: the Hilbert series for the
quotient of R by m general forms of degrees ai,...,an is

el

where [...] denotes truncation at the first non-positive coefficient.

e For R/(x{*,...,x2), [Stanley 1980] and [Watanabe 1989]
independently proved that such rings satisfy the SLP.

o Coefficientwise lower bound for HS(R/ Iy m k; t) is
[(1— t*)HS(R/Pam; t)] -

~» method to determine GBs using counting arguments.
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Example and methods for squarefree algebra case

Write In,(2,...,2),k = In,k-
Example
The reduced Grobner basis of I55 is

2 2 2 2 2
G5,2 — {X17X27X37X47X5’

8{1,2},5,258{1,3,4},5,2 g{2,3,4},5,2} )
where
8{1,2},52 =X1X2 + X1X3 + - - - + X4 X5,

8{1,3,4},5,2 =X1X3X4 + X1X3X5 + X1X4X5 + X3X4Xs5,

8(2,3,4},5,2 =X2X3X4 + X2X3X5 + XoX4X5 + X3X4X5 .

V
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Example and methods for squarefree algebra case
Write I, 2, 2) .k = Ink-

Example

The reduced Grobner basis of I55 is
G5,2 — {X127X227X§7X4%,X52,

8{1,2},5,258{1,3,4},5,2 g{2,3,4},5,2} )

where

8{1,2},52 =X1X2 + X1X3 + - - - + X4 X5,

8{1,3,4},5,2 =X1X3X4 + X1X3X5 + X1X4X5 + X3X4Xs5,
8(2,3,4},5,2 =X2X3X4 + X2X3X5 + XoX4X5 + X3X4X5 . (0,0)
M

Associate lattice paths to leading monomials.
in(g(1,3,4},52) = Xx1x3x4 is shown on the right.

V.
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Results for squarefree algebra

Theorem ([JLMOS 2024])

Consider the family A of subsets A C [n] satisfying max(A) = 2|A| — k for
some k > 2, and minimal with respect to inclusion.
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Theorem ([JLMOS 2024])

Consider the family A of subsets A C [n] satisfying max(A) = 2|A| — k for

some k > 2, and minimal with respect to inclusion. Then, the reduced

Grobner basis of the ideal I,k = (x2,...,x2,(x1 + -+ - + x,)¥) with respect

to degree reverse lexicographic ordering
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Results for squarefree algebra

Theorem ([JLMOS 2024])

Consider the family A of subsets A C [n] satisfying max(A) = 2|A| — k for

some k > 2, and minimal with respect to inclusion. Then, the reduced

Grobner basis of the ideal I,k = (x2,...,x2,(x1 + -+ - + x,)¥) with respect

to degree reverse lexicographic ordering is given by

k+|(n—k)/2]
Gok =04, x2U | {gank | A€ A JA =4},

d=k
.
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Results for squarefree algebra

Theorem ([JLMOS 2024])

Consider the family A of subsets A C [n| satisfying max(A) = 2|A| — k for
some k > 2, and minimal with respect to inclusion. Then, the reduced
Grobner basis of the ideal I,k = (x2,...,x2,(x1 + -+ - + x,)¥) with respect

to degree reverse lexicographic ordering is given by

k+|(n—k)/2|
Gok =04, x2U | {gank | A€ A JA =4},
d=k
where for |A| = d,
8Ank = ed(Xil, o 7Xi,7_d+k)

is the elementary symmetric polynomial of degree d in the variables
indexed by the set {i1,...,In—qg+k} = AU{2d — k+1,...,n} with leading
term xa = [[,ca Xa-
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Results for squarefree algebra

Theorem ([JLMOS 2024])

Consider the family A of subsets A C [n| satisfying max(A) = 2|A| — k for
some k > 2, and minimal with respect to inclusion. Then, the reduced
Grobner basis of the ideal I,k = (x2,...,x2,(x1 + -+ - + x,)¥) with respect

to degree reverse lexicographic ordering is given by

k+[(n—k)/2]
Gok =04, x2U | {gank | A€ A JA =4},
d=k
where for |A| = d,
8Ank = ed(Xila o 7Xin,d+k)

is the elementary symmetric polynomial of degree d in the variables
indexed by the set {i1,...,In—qg+k} = AU{2d — k+1,...,n} with leading
term xa = [[,caXa- For fixed k the sequence [{A€ A: |A| =d}| is a
(k — 1)-fold convolution of the sequence of Catalan numbers.
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Related results

This table gives an overview of known results for the ideals /, m k-

2,...,2),2](2,...,2).k | (3,...,3),3

in(...) [BSV24] [JLMOS24] | [BSV24]
red. GB [JLMOS24] | [JLMOS24]

Betti in(...) [JLMOS24] | [JLMOS24]

Betti (...) [DG+25]

classif. WLP [BSV24] [JLMOS24] | [BSV24]
new proof SLP | [JLMOS24] | [JLMOS24]

e [BSV24]: [Booth, Singh, and Vraciu, arXiv:2410.22542, 2024]

o [DG+25]: [Diethorn, Giintiirkiin, Hardesty, Mete, Sega, Sobieska,
arXiv:2504.03977, 2025]

e [JLMOS24]: [Jonsson Kling, Lundgvist, Mohammadi, O.,
Sdenz-de-Cabezén, arXiv:2411.10209, 2024]
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New phenomena in non-squarefree case

@ GB polynomials no longer symmetric ~~ need other description.
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New phenomena in non-squarefree case

@ GB polynomials no longer symmetric ~~ need other description.
@ More than just 0-1-Coefficients ~~ need coefficient rules.
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New phenomena in non-squarefree case

@ GB polynomials no longer symmetric ~~ need other description.
@ More than just 0-1-Coefficients ~~ need coefficient rules.

@ "Suffixes” of GB leading monomials show more variety than x,_1x,
~> need other lattice path criterion than just touching some line to
describe initial ideal.
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Properties of Artinian monomial complete intersections

Monomial ideals Ppm = (x{™, ..., xJ™) € Z2, define Artinian complete
intersection algebras A, m = R/Ppm with the following properties

(i) Apm has the strong Lefschetz property.
(ii) The socle degree Dpm of Aym is given by Dpm = > i1 (m;i — 1).
(iii) The Hilbert series of A, m is symmetric.

[t HS(Apm; t) = [tP™ I HS(Apm; t) -

(iv) The Hilbert series of A, m is unimodal.
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Lattice paths

Definition

A monomial t = x* --- x5 € R is called m-free if aj < m; for 1 < i < n. J

From an m-free monomial, we obtain an m-admissible lattice path
Definition

A lattice path is called m-admissible
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Lattice paths
Definition

A monomial t = x* --- x5 € R is called m-free if aj < m; for 1 < i < n. J

From an m-free monomial, we obtain an m-admissible lattice path
Definition

A lattice path is called m-admissible if it starts at the origin (0,0), ends at
a point (n,¢) for some ¢ € Z,
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Lattice paths
Definition

A monomial t = x* --- x5 € R is called m-free if aj < m; for 1 < i < n. J

From an m-free monomial, we obtain an m-admissible lattice path
Definition

A lattice path is called m-admissible if it starts at the origin (0,0), ends at
a point (n,¢) for some ¢ € Z, and is composed of steps of the types

o x0~ (i—1,b) = (i,b+1) (1-up),
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Lattice paths
Definition

A monomial t = x* --- x5 € R is called m-free if aj < m; for 1 < i < n. J

From an m-free monomial, we obtain an m-admissible lattice path
Definition
A lattice path is called m-admissible if it starts at the origin (0,0), ends at
a point (n,¢) for some ¢ € Z, and is composed of steps of the types

o x0~ (i—1,b) = (i,b+1) (1-up),

o x! ~ (i—1,b) = (i,b) (flat),
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Lattice paths
Definition

A monomial t = x* --- x5 € R is called m-free if aj < m; for 1 < i < n. J

From an m-free monomial, we obtain an m-admissible lattice path
Definition
A lattice path is called m-admissible if it starts at the origin (0,0), ends at
a point (n,¢) for some ¢ € Z, and is composed of steps of the types

o x0~ (i—1,b) = (i,b+1) (1-up),

o x! ~ (i—1,b) = (i,b) (flat),

o xf ~ (i—1,b) = (i,b—e+1) ((e—1)-down).
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Lattice paths

Definition

A monomial t = x* --- x5 € R is called m-free if aj < m; for 1 < i < n. J

From an m-free monomial, we obtain an m-admissible lattice path
Definition
A lattice path is called m-admissible if it starts at the origin (0,0), ends at
a point (n,¢) for some ¢ € Z, and is composed of steps of the types

o x0~ (i—1,b) = (i,b+1) (1-up),

o x! ~ (i—1,b) = (i,b) (flat),

o xf ~ (i—1,b) = (i,b—e+1) ((e—1)-down).

Lemma ([JLMO 2025])

Fix positive integers n, d and a vector m € 7Z2,. Then the number of

m-admissible lattice paths ending at (n,n — d) equals dimg(R/Pnm)d-
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Observation on Motzkin paths

In the case m = (3,...,3) and k = 1, associating lattice paths to GB
leading monomials, observe that these paths are similar to Motzkin paths.
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Number scheme and reflection points

For 1 <j < n, let mj = (my,...,m;). We arrange the coefficients of
HS(k; t), HS(k[x1]/P1,m,; t),... as columns in a number scheme.

1
4
8

—
B W =
—_
o

AN N =

[y
Y
[y

4
1

Figure: Here, m = (3,2,2,3),
and kK = 2. A piecewise linear
function interpolates between
the points located k/2 below
the midpoints of the columns.
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Number scheme and reflection points

For 1 <j < n, let m; = (myq,..., m;). We arrange the coefficients of
HS(k; t), HS(k[x1]/P1,m,; t),... as columns in a number scheme.

Example

Let m = (3,2,2,3) and t = x;x3x2. Its path
ends at the point (4,0) = (4, n — deg(t)),

B W =
0 ~

1
12 10 where it touches the red line.
11 4
1 (0,0) (4,0)

Figure: Here, m = (3,2,2,3),
and kK = 2. A piecewise linear
function interpolates between Figure: The graph of Ly (322 3)2 and the lattice
the points located k/2 below path associated with the monomial x;x3x2.
the midpoints of the columns. J
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Reflection and critical paths

Definition ([JLMO 2025])

Let (a, b) € Z? with 0 < a < n. Reflection at the intersection of the red
line and the vertical line x = a yields (a, b’) =: (a, b)’.
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Reflection and critical paths

Definition ([JLMO 2025])

Let (a, b) € Z? with 0 < a < n. Reflection at the intersection of the red
line and the vertical line x = a yields (a, b') =: (a, b)’. An m-admissible
lattice path P with vertices Py = (0,0), Py,..., P, = (n,n — d) is critical
if there is 0 </ < n such that

"P':=(Po,P1,...,Pi_1,P,,Plq,..., P})

is also m-admissible.
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Reflection and critical paths

Definition ([JLMO 2025])

Let (a, b) € Z? with 0 < a < n. Reflection at the intersection of the red
line and the vertical line x = a yields (a, b') =: (a, b)’. An m-admissible
lattice path P with vertices Py = (0,0), Py,..., P, = (n,n — d) is critical
if there is 0 </ < n such that

"P':=(Po,P1,...,Pi_1,P,,Plq,..., P})

is also m-admissible. For each critical path P, define A\(P) to be the
maximal index i for which ‘P’ is m-admissible.
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Reflection and critical paths

Definition ([JLMO 2025])

Let (a, b) € Z? with 0 < a < n. Reflection at the intersection of the red
line and the vertical line x = a yields (a, b') =: (a, b)’. An m-admissible
lattice path P with vertices Py = (0,0), Py,..., P, = (n,n — d) is critical
if there is 0 </ < n such that

"P':=(Po,P1,...,Pi_1,P,,Plq,..., P})

is also m-admissible. For each critical path P, define A\(P) to be the
maximal index i for which P’ is m-admissible. Define the reflection map

A : {P | P critical and m-admissible} — {P | P m-admissible},
P AP)p

Matthias Orth (KU Leuven) Grobner bases and Lefschetz properties 26 June 2025 21 /47



Critical path ideal

Definition ([JLMO 2025])

Let M, m « be the set of monomials corresponding to critical m-admissible
lattice paths. We write (M, m k) for the ideal generated by M, m «x + Pnm.

Example 0,0)
Consider the lattice path
corresponding to the (4,2,5)-free
monomial x2x2, shown in black. Its

: : . (3,-2)
image under the reflection map A is
such that the initial two segments
remain in black and the reflected
portion appears in blue.

. (37 _4)
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Degrees linked by symmetry

Remark ([JLMO 2025])

Let d’ = (>.]_; mi) — n—d + k. Since R/P,m is Gorenstein with socle
degree (d — k) + d’, we have

dimg(R/Pnm)d—k = dim(R/Prm)ar -
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Degrees linked by symmetry

Remark ([JLMO 2025])
Let d’ = (>.]_; mi) — n—d + k. Since R/P,m is Gorenstein with socle
degree (d — k) + d’, we have

dimg(R/Pnm)d—k = dim(R/Prm)ar -

Furthermore, reflection of degree d path gives degree d’ path, because
o A degree d admissible path ends at Qy = (n, n — d).
o A degree d’ path ends at Qs = (n,n—d') = (n,2n+d — > m; — k).
@ The red line intersects x = n at the point Q = ( n, w

whose y-coordinate is the average of the y-coordinates of Qg and Qg
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Central counting argument and Hilbert series

Definition ([JLMO 2025])

Let d be the degree of an m-free monomial and d' = (> m;) — n—d + k.
We define the degree-wise reflection map Ay as the restriction of A to the
set of critical m-admissible paths ending at (n, n — d)

P critical with P critical with
A : { endpoint (n,n — d) } { endpoint (n,n — d’) }’ P— A(P).

v
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Central counting argument and Hilbert series

Definition ([JLMO 2025])

Let d be the degree of an m-free monomial and d' = (> m;) — n—d + k.
We define the degree-wise reflection map Ay as the restriction of A to the
set of critical m-admissible paths ending at (n, n — d)

P critical with P critical with
A : { endpoint (n,n — d) } - { endpoint (n,n — d’) }7 P — A(P).

v

Proposition ([JLMO 2025])
(i) Ag is invertible with /\g1 =Ny
(ii) The Hilbert series of R/(Mym k) and R/Ppm satisfy

HS (R/(Mpmk); t) = [(1 — t*) HS(R/Pam; t)] ,

where the brackets denote truncation at the first coefficient > 0.
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Minimal generators (1)

Observation

Let P be the path of an m-free minimal generator of (Mp, m «). Then
(i) No vertex of P is below the red path.

(ii) The first modified edge in its reflection has maximal admissible slope.
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Minimal generators (1)

Observation

Let P be the path of an m-free minimal generator of (Mp, m «). Then
(i) No vertex of P is below the red path.

(ii) The first modified edge in its reflection has maximal admissible slope.

Definition ([JLMO 2025])

Lets—x1 - xo" € R, define 5<-:x151---xjsj. For each 1 < j < n, set

CI‘itmm’k’j = {S

s is m-free, x; divides s,
deg, (s) = 2deg(s<;) — k — ST imi+(—1)

j-1
Crit”ﬁka = (Critn,m,ku' \ U Critn,m,k,[) N k[Xl, e ,XJ] .
(=1
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Minimal generators (2)
Setting

n
Critpmix = U Critpm ks
i=1
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Minimal generators (2)
Setting
n
Critpmix = U Critpm ks

j=1
we obtain
Theorem ([JLMO 2025])
The ideal (Mpm k) is minimally generated by the set

m m m Q
Snmk =X % 2., X5} U Critp mk -

m

where x; 7 is removed if k + Z{;i(m; -1) < m;.
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Minimal generators (2)
Setting
n
Critn’myk = U Critn’myk,j,

j=1
we obtain
Theorem ([JLMO 2025])
The ideal (Mpm k) is minimally generated by the set

m m m .
Snmk =X % 2., X5} U Critp mk -

mj . . j—1
where x;” is removed if k + 372 (m; — 1) < m;.

Remark ([JLMO 2025])

The critical path ideals are nested variable-by-variable, generated by revlex
segments, and their m-free part is strongly m-stable.
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The Grobner basis: Setup
Let s = s'x3" € R be an m-free monomial satisfying the conditions
° s, = degxn(s) >0,
o s, =2deg(s) — k — .7 m; + (n—1).
Let R = k[x1,...,xo—1,¥]/(x{™, ..., x ") and £ = xg 4 -+ + Xp_1 + ¥

Let u=x™"".. -X,T_"Il_l/s’. We define polynomials f; and g in R'.
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The Grobner basis: Setup

Let s = s’x3" € R be an m-free monomial satisfying the conditions

® s, =deg, (s) >0,
@ s, =2deg(s) — k — Z,lm,—i-(n—l)
Let:‘?’:k[xl,...,x,,_l,y]/x1 s Xpyand £=x1 4+ X1 .

Let u = x{"rl . -x,;"jfl_l/s’. We define polynomials f; and g in R'.
gs = Z Aot - §". deg(s) deg(s") ’
//|S

where for each monomial s” | ¢/,

nl S,'! mi — SI{’ -1
Agir = H s/ s — g
=1 i ! i

Sp!

 (deg(s) — deg(s"))!”
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The Grobner basis: Setup
Let s = s’x3" € R be an m-free monomial satisfying the conditions
® s, =deg, (s) >0,

o s, =2deg(s) —k—>" 1m,—i—(n—l)
Let:‘?’:k[xl,...,xn_l,y]/x1 s Xpyand £=x1 4+ X1 .

Let u = x{"rl . -x,',"jfl_l/s’. We define polynomials f; and g in R'.
gs = Z Agn - 5" - ydes(s)—deg(s") f, = Z“V .y . pdes(s)—deg(v)—
s”|s! vlu

where for each monomial s” | s/, where for each monomial v | u,

N sl mj —s/' —1 sl (mi—vi— 1
< HS”'( S,'—SI{/ > v = ’1:[1\/,I uj —vj

j=1"1"
Sn' (—1)dee(v) . Sn'

 (deg(s) — deg(s"))!” (deg(s) — deg(v))!
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The Grobner basis
We can show:
e g =f-t inR.
e Applying an obvious ring homomorphism R’ — R/P,m, we get
in(gs) = s with respect to any ordering < with x; = --- > x.
o We have in(/pm k) = (Mnm k) for such an ordering.
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The Grobner basis
We can show:
e g =f-t inR.
e Applying an obvious ring homomorphism R’ — R/P,m, we get
in(gs) = s with respect to any ordering < with x; = --- > x.

o We have in(/pm k) = (Mnm k) for such an ordering.

Theorem ([JLMO 2025))

The reduced Grobner basis of Inm x for x; = -+ = X, is

Gn,m,k = {X{m, 000 ,X,T"} U {gs ‘ S € Crit",m,k}7

without x if k + S "1(mj —1) < mj. Fors = s’xdeng(S) € Crit ;
J =1\ J- - i nm,k.j

gs = Z A 8" (xj+ -+ x,,)deg(s)_deg(su) mod Py m .

s | s/
y
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Proof idea
The following lemma is shown via an application of inclusion-exclusion.
Lemma ([JLMO 2025])

Let p, q, and r be monomials such that pq = x;"

Qn

x93 and r|pq. Then

2 e[ GD) -1, )

i1 pi
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Proof idea
The following lemma is shown via an application of inclusion-exclusion.
Lemma ([JLMO 2025])

Let p, q, and r be monomials such that pq = x;"

Qn

x5 and r|pq. Then

2 e[ GD) -1, )

i1 pi

Also, we argue as follows.

@ The Hilbert series of R/, m x and R/in(/pm«) are equal.
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Proof idea
The following lemma is shown via an application of inclusion-exclusion.
Lemma ([JLMO 2025])

Let p, q, and r be monomials such that pq = x;"

Qn

x5 and r|pq. Then

2 e[ GD) -1, )

i1 pi

Also, we argue as follows.

@ The Hilbert series of R/, m x and R/in(/pm«) are equal.
o The Hilbert series of R/(Mpm«) is [(1 — t*) HS(R/Pnm; t)].
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Proof idea
The following lemma is shown via an application of inclusion-exclusion.
Lemma ([JLMO 2025])

Let p, q, and r be monomials such that pq = x;"

Qn

x5 and r|pq. Then

2 e[ GD) -1, )

i1 pi

Also, we argue as follows.

e The Hilbert series of R/, m «x and R/in(/,m k) are equal.
o The Hilbert series of R/(Mpm«) is [(1 — t*)HS(R/Ppm; t)].

@ For each minimal generator s of (M, m «), we have s € in(/y m «)-
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Proof idea

The following lemma is shown via an application of inclusion-exclusion.

Lemma ([JLMO 2025])

Let p, q, and r be monomials such that pq = x;'* -

Qn

x93 and r|pq. Then

T e ([ (5T =11(7, )

i=1

Also, we argue as follows.
e The Hilbert series of R/, m «x and R/in(/,m k) are equal.
o The Hilbert series of R/(Mpm«) is [(1 — t*)HS(R/Ppm; t)].
@ For each minimal generator s of (M, m «), we have s € in(/y m «)-
® Thus HS(R/lnmk:t) has [(1 — t*) HS(R/Ppm; t)] as upper bound.
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Proof idea
The following lemma is shown via an application of inclusion-exclusion.
Lemma ([JLMO 2025])

Let p, q, and r be monomials such that pq = xi* - - - x5 and r|pq. Then

n

T e ([ (5T =11(7, )

i=1

Also, we argue as follows.
e The Hilbert series of R/, m «x and R/in(/,m k) are equal.
o The Hilbert series of R/(Mpm«) is [(1 — t*)HS(R/Ppm; t)].
@ For each minimal generator s of (M, m «), we have s € in(/y m «)-
® Thus HS(R/lnmk:t) has [(1 — t*) HS(R/Ppm; t)] as upper bound.
o [(1—tK)HS(R/Pnmit)] is also lower bound for HS(R/ Iy m.k; t).
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Proof idea

The following lemma is shown via an application of inclusion-exclusion.

Lemma ([JLMO 2025])

Let p, q, and r be monomials such that pq = xi* - - - x5 and r|pq. Then

n

s v (fi()(0) -, )

v|ged (pyr) i=1

Also, we argue as follows.
e The Hilbert series of R/, m «x and R/in(/,m k) are equal.
o The Hilbert series of R/(Mpm«) is [(1 — t*)HS(R/Ppm; t)].
@ For each minimal generator s of (M, m «), we have s € in(/y m «)-
® Thus HS(R/lnmk:t) has [(1 — t*) HS(R/Ppm; t)] as upper bound.
o [(1—tK)HS(R/Pnmit)] is also lower bound for HS(R/ Iy m.k; t).
® HS(R/Inmxit) = [(1 — t*)HS(R/Ppm; t)] follows.
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Other descriptions and dependency on variable ranking

Remark ([JLMO 2025])

The GB elements can be written as g5 = s + > ycri(s) At - T, Where

Tail(s) = { t € Mon(R) : t is m-free, deg(t) =deg(s), s>-t,
t ¢ in(limk) and deg, (t) < deg, (s) Vi<n},

The A; are fractions of products of primes less than max{my, ..., mp}.
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Other descriptions and dependency on variable ranking

Remark ([JLMO 2025])

The GB elements can be written as gs = s + ZtGTail(s) At - t, where

Tail(s) = { t € Mon(R) : tis m-free, deg(t) =deg(s), s> t,
t ¢ in(limk) and deg, (t) < deg, (s) Vi<n},

The A; are fractions of products of primes less than max{my, ..., mp}.

Proposition ([JLMO 2025])
(i) Ifxg > -+ > xp, then the reduced GB of I, m k is Gpm k-
(ii) The ideal I, m « has at most n! distinct reduced Grobner bases.

1) Suppose m = (m,..., m) with m > 3. en Iy mk has
(i) Supp (m,.....m) with m > 3. Then I my h
(n)/(min{|k/(m —1)], n}!) distinct reduced GB:s.
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Other descriptions and dependency on variable ranking

Remark ([JLMO 2025])

The GB elements can be written as gs = s + ZtGTail(s) At - t, where

Tail(s) = { t € Mon(R) : tis m-free, deg(t) =deg(s), s> t,
t ¢ in(limk) and deg, (t) < deg, (s) Vi<n},

The A; are fractions of products of primes less than max{my, ..., mp}.

Proposition ([JLMO 2025])
(i) Ifxg > -+ > xp, then the reduced GB of I, m k is Gpm k-
(ii) The ideal I, m « has at most n! distinct reduced Grobner bases.

1) Suppose m = (m,..., m) with m > 3. en Iy mk has
(iii) Supp (m,...,m) with m > 3. Then lmmx h
(n)/(min{|k/(m —1)], n}!) distinct reduced GB:s.

For the case m = 2 see [Jonsson Kling et al. 2024, Proposition 2.29].
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Enumerative properties (1)
Form= (my,my,...) € ZI§2, we study the sequence (gm «(d))d>k, where

8mk(d) :=|{s € Critpmi|n> 0, deg(s) = d}| .
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Enumerative properties (1)

Form = (my,my,...) € Z§2, we study the sequence (gm «(d))d>k, where

8mk(d) :=|{s € Critpmi|n> 0, deg(s) = d}| .

Lemma ([JLMO 2025])
For j > 1 write Rj = k|[xy,

and ¢; the degree of HS(R;/lj m k;t). Then, for n > 1 we have:
(i) Critn,m,k =£ 0 only if k + Dp_1 — 20,1 < mp,.

..., xj]. Let D; be the socle degree of Rj/Pjm

v T = —
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Enumerative properties (1)

Form = (my,my,...) € Z§2, we study the sequence (gm «(d))d>k, where

8mk(d) :=|{s € Critpmi|n> 0, deg(s) = d}| .

Lemma ([JLMO 2025])

For j > 1 write Rj = k[xy, ..., xj]. Let D; be the socle degree of Rj/Pjm

and ¢; the degree of HS(R;/lj m k;t). Then, for n > 1 we have:
(i) Critn,m,k # 0 onlyifk+ Dy 1 —20,_1 < my.

(i) Lets be an element of Crit, m x with minimal possible x,-degree.

Then deg, (s) = k + Dy—1 — 26,1 and deg(s) = k+ D1 — 1.

v i - = =
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Enumerative properties (1)
Form = (my,my,...) € Z§2, we study the sequence (gm «(d))d>k, where

8mk(d) :=|{s € Critpmi|n> 0, deg(s) = d}| .

Lemma ([JLMO 2025])
For j > 1 write Rj = k[xy, ..., xj]. Let D; be the socle degree of Rj/Pjm
and ¢; the degree of HS(R;/lj m k;t). Then, for n > 1 we have:
(i) Critpmk # 0 only if k4 Dp_1 — 20p—1 < mp.
(i) Lets be an element of Crit, m x with minimal possible x,-degree.
Then deg, (s) = k + Dy—1 — 26,1 and deg(s) = k+ D1 — 1.
(iii) For every non-negative integer

e < min {(m, —1—deg, (5)) /2, 6n-1} ,

there is u € Crit,m x of degree d + e with deg, (u) = deg, (s)+ 2e.
There are [to—17¢] HS(Rn—1/ln—1,m,k; t) such elements in Critpm .
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Enumerative properties (2)

Theorem ([JLMO 2025])
Let d > k be the degree of gs € Gpm « for some s = in(gs) € Crit, m k-
(i) The integer n = n(d, m, k) is uniquely determined by d, m, and k.

— = — = = AN NA
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Enumerative properties (2)

Theorem ([JLMO 2025])

Let d > k be the degree of gs € Gpm « for some s = in(gs) € Crit, m k-
(i) The integer n = n(d, m, k) is uniquely determined by d, m, and k.

(ii) Let € be the minimal degree of an element s € Crit (g m k),mk- Set
v :=d — €. Then the number of degree-d elements in the GB is

gm.(d) = max {o, [£-17] HS (M t)

Pn—l,m

_ [tk HS (k[Xla 265 7Xn—1]; t) } .
Pn—l,m
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Enumerative properties (2)

Theorem ([JLMO 2025])

Let d > k be the degree of gs € Gpm « for some s = in(gs) € Crit, m k-
(i) The integer n = n(d, m, k) is uniquely determined by d, m, and k.

(ii) Let € be the minimal degree of an element s € Crit (g m k),mk- Set
v :=d — €. Then the number of degree-d elements in the GB is

gm.(d) = max {o, [£-17] HS (M t)

Pn—l,m

_ [tk HS <k[x1, 265 7Xn—1]; t) } .
Pn—l,m

(iii) Let g € {1,...,n} be the maximal integer j with
m; > k+ Dj_1 —26;_1. Then the maximal degree of the GB G, m « is

k+Dg-1—06g-1+min{[(mg —1— (k+ Dg—1—204-1)) /2] ,dq-1} )
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Example (1)

Example

Let n=5,m=(2,3,2,20,3) and k = 3. Then the maximal integer j such
that mj > k+ Dj_1 —2J;_1 is ¢ = 4. The maximal degree of an element
in the Grobner basis G, m k is

k+D3—53+min{{m4_1_(k2+D3_253)J ,53}

20-1-1
:3+4—3+minﬂoTJ,3}:4+3=7.

Indeed, Macaulay? finds a highest degree element x; + 7x9xs + 21x3x2.
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Example (2)

Example

Let n =5, m = (2,14,3,11,4) and k = 11. Then the maximal integer j
such that mj > k+ Dj_1 —2d;_1 is ¢ = 5. The maximal degree of an
element in the Grobner basis G, m « is

—1—(k+ Dy —26
k+D4—54+min{{m5 (2+ 4 4)J ,54}
:11+26—18+minﬂ4_Tl_1J ,18}:19+1:20.

Indeed, Macaulay? finds a highest degree element x3x3x2%x3.
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Related results, again

This table gives an overview of known results for the ideals /, m k-

2,....2),2] (2...2)k| (3,-.-,3),3 | m. k
) [BSV24] | [JLMOS24] | [BSV24] | [JLMO25]
red. GB [JLMOS24] | [JLMOS24] | [JLMO25] | [JLMO25]
Bettiin(...) | [JLMOS24] | [JLMOS24]
Betti (...) [DG+25]
classif. WLP | [BSV24] | [JLMOS24] | [BSV24]
new proof SLP | [JLMOS24] | [JLMOS24] | [JLMO25] [JLMO25]

e [BSV24]: [Booth, Singh, and Vraciu, arXiv:2410.22542, 2024]
o [DG+25]: [Diethorn, Giintiirkiin, Hardesty, Mete, Sega, Sobieska,
arXiv:2504.03977, 2025]

e [JLMOS24]: [Jonsson Kling, Lundgvist, Mohammadi, O.,
Sdenz-de-Cabezén, arXiv:2411.10209, 2024]
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Squares as special case

The lattice paths and red lines defined in the present work correspond to
those of [JLMOS 2024] for m = (2, ...,2) under the transformation

omw [0 ][]

For x1x3x4 € in(ls (222,2)4), the configurations are

(4,1) (0,2)

(0,0)

(0,-1) (0,0)%——

This is a bijection between leading monomial paths and preserves the
combinatorial information from [JLMOS24].
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Cubes as special case (1)

Definition

A Motzkin path of length n is a lattice path from (0,0) to (n,0) consisting
of steps that never fall below the x-axis, where each step is one of the
following: an up step (1,1), a flat step (1,0), or a down step (1, —1).

e The nth Motzkin number M(n) counts the number of Motzkin paths

of length n [Sloane 2018, A001006].

e The nth Riordan number R(n) counts the number of Motzkin paths
of length n with no flat steps on the x-axis [Sloane 2018, A005043].

n__[[of1]2]3[4] 5] 6] 7] 8]
M(n) 1 92151127323
R(n) |[T]0[1|1|3| 6|15] 36 91
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Cubes as special case (1)

Definition

A Motzkin path of length n is a lattice path from (0,0) to (n, 0) consisting

of steps that never fall below the x-axis, where each step is one of the
following: an up step (1,1), a flat step (1,0), or a down step (1, —1).

e The nth Motzkin number M(n) counts the number of Motzkin paths

of length n [Sloane 2018, A001006].

e The nth Riordan number R(n) counts the number of Motzkin paths
of length n with no flat steps on the x-axis [Sloane 2018, A005043].

n [[of1[2]3]4] 5[ 6] 7] 8]
M(n) 1 92151127323
R(n) [1]0]1[1[3] 6]15] 36| o1

We look at the sequences g3 . 3) « again, which count the number of
elements in the GB G, (3. 3) «, but shifted to start at 0.
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Cubes as special case (2)

ln [[of1]2] 3] 4] 5] 6] 7] 8]
gsa(n)[[1]0[1] 1] 3] 6] 15] 36] ol
gsa(n) |[1|1[2] 4] of 21| 51127 323
gsa(n) |1 1[3] 6|15| 36| 91232 603
gsa(n) |[ 12512 (30| 76196 | 512 | 1353
gss(n) |[ 1261540105 | 280 | 750 | 2025
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Cubes as special case (2)

ln Jof1]2] 3] 4] 5] 6[ 7[ 8]
gsi(n)[1[0[1] 1 6] 15| 36| Ol
gsa(n) |[1|1[2] 4] of 21| 51127 323
gsa(n) |1 1[3] 6|15| 36| 91232 603
gsa(n) |[ 12512 (30| 76196 | 512 | 1353
gss(n) |[ 1261540105 | 280 | 750 | 2025

Theorem ([JLMO 2025])

Let k > 1, and write k = 2qy + ry with integers g, > 0 and r, € {0,1}.
Then the generating function of the sequence g3 y satisfies

GF(g5.6) = (GF(M))™ - (GF(R))"™

where M and R denote the Motzkin and Riordan number sequences.

v

i =T = —

Ty
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Cubes as special case (3)

Example

- (0,0)

Figure: The lattice path corresponding to the Grobner basis leading term
X1 20X X2 X6 € in(le,3,3), decomposed into translations of lattice paths associated
with the leading terms x;xox? € in(h32) and x3x3 € in(h31).
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Quantum physics (1)
o We consider the case m = (m, ..., m) with m > 2 and k = 1.

@ The integer sequence gm,1 counting elements of the GB of [, m 1
arises in quantum physics [Cohen et al. 2016], [Curtright et al. 2017].
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Quantum physics (1)

o We consider the case m = (m, ..., m) with m > 2 and k = 1.

@ The integer sequence gm,1 counting elements of the GB of [, m 1
arises in quantum physics [Cohen et al. 2016], [Curtright et al. 2017].

e For entanglement witness operator with eigenvalues W; = j(j + 1),
J € (1/2) - Z>g, count degeneracy of states for W, via lattice paths.
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Quantum physics (1)

o We consider the case m = (m, ..., m) with m > 2 and k = 1.

@ The integer sequence gm 1 counting elements of the GB of I, m 1
arises in quantum physics [Cohen et al. 2016], [Curtright et al. 2017].

e For entanglement witness operator with eigenvalues W; = j(j + 1),
J € (1/2) - Z>g, count degeneracy of states for W, via lattice paths.

@ The paths for W; go from (0,0) to (N, ), with allowed steps
(1,0),(1,0 = 1),...,(1,—0), depending on spin o € (1/2) - Z>o.

e Each step from (x,,j1) to (x + 1, j2) must also satisfy
hh—ol<p<jp+o.

o The states for Wy are decoherence-free [Cohen et al. 2016].
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Quantum physics (1)

o We consider the case m = (m, ..., m) with m > 2 and k = 1.

@ The integer sequence gm 1 counting elements of the GB of I, m 1
arises in quantum physics [Cohen et al. 2016], [Curtright et al. 2017].

e For entanglement witness operator with eigenvalues W; = j(j + 1),
J € (1/2) - Z>g, count degeneracy of states for W, via lattice paths.

@ The paths for W; go from (0,0) to (N, ), with allowed steps
(1,0),(1,0 = 1),...,(1,—0), depending on spin o € (1/2) - Z>o.

e Each step from (x,,j1) to (x + 1, j2) must also satisfy
hh—ol<p<jp+o.

o The states for Wy are decoherence-free [Cohen et al. 2016].

@ The paths from (0,0) to some (N, ) (ignoring additional constraints)
count the m-free terms in k[xi, ..., xn], where m =20 + 1.

Matthias Orth (KU Leuven) Grobner bases and Lefschetz properties 26 June 2025 42 /47



Quantum physics (2)

Remark

In the triangular scheme for R/Pjm, 0 < i < N, the symmetry points of
the columns now lie on the x-axis, and the red line is y = —%.
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Quantum physics (2)

Remark
In the triangular scheme for R/Pjm, 0 < i < N, the symmetry points of
the columns now lie on the x-axis, and the red line is y = —%.

Lemma ([JLMO 2025])

Let m = 20 + 1. Consider the set of admissible lattice paths that never
pass below the x-axis. These paths are in bijection with the set of m-free
monomials of degree o N in the quotient ring k[x1, ..., xn]/in(/nm1)-
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Quantum physics (2)

Remark
In the triangular scheme for R/Pjm, 0 < i < N, the symmetry points of
the columns now lie on the x-axis, and the red line is y = —%.

Lemma ([JLMO 2025])

Let m = 20 + 1. Consider the set of admissible lattice paths that never
pass below the x-axis. These paths are in bijection with the set of m-free
monomials of degree o N in the quotient ring k[x1, ..., xn]/in(/nm1)-

We define gm x(z/2) =0 for all odd integers z.

Proposition ([JLMO 2025])

Let o be the spin; set m =20 + 1 with m = (m, ..., m). Then, for any
N € N, the degeneracy of states for Wy is given by gm1(oN + 1).
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Generalized Catalan numbers (1)
The s-binomial coefficients (}7). are defined for n,s € N via

(1+x+---+x5):Z(Z)5xd.

deZ
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Generalized Catalan numbers (1)
The s-binomial coefficients (}7). are defined for n,s € N via

(1+x+---—|—x5)zz<g>5xd.

deZ

In our setting, we adopt the notation m = s, so the definition becomes

<Z>m—1 = [t')(HS(R/Pp.m; 1))
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Generalized Catalan numbers (1)
The s-binomial coefficients (}7). are defined for n,s € N via

(1+x+--'+xs):Z<Z>sxd.

deZ
In our setting, we adopt the notation m = s, so the definition becomes

<:/>m_1 = [t')(HS(R/Pp.m; 1))

Definition (e.g. [Ghemit and Ahmia 2024, Linz 2022])

The coefficients of the s-Catalan triangle are given by

(s) _ (s) _ 2n _ 2n
Coo =1 and Cpp= (sn + k)s (sn+ k + 1)5

for n >0 and k > 0.

™ v - - =
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Generalized Catalan numbers (1)
The s-binomial coefficients (}7). are defined for n,s € N via

(1+x+---+x5):z<z>sxd.

deZ

In our setting, we adopt the notation m = s, so the definition becomes

<:/>m_1 = [t')(HS(R/Pp.m; 1))

Definition (e.g. [Ghemit and Ahmia 2024, Linz 2022])

The coefficients of the s-Catalan triangle are given by

(s) _ (s) _ 2n _ 2n
Coo =1 and Cpp= (sn + k)s <5n+ k + 1)5

for n > 0 and k > 0. The s-Catalan triangle, written with entry Cﬁsﬁ in
row n and column k, contains the s-Catalan numbers in its first column.

v
™ = = = = Yot
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Log-concavity and log-convexity

@ [Ghemit and Ahmia 2024] ~~

> Rows of the 2-Catalan triangle are log-concave.
» Sequence of 2-Catalan numbers is log-convex.

Matthias Orth (KU Leuven) Grobner bases and Lefschetz properties 26 June 2025 45 /47
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@ [Ghemit and Ahmia 2024] ~~

> Rows of the 2-Catalan triangle are log-concave.
» Sequence of 2-Catalan numbers is log-convex.

@ Method: certain lattice paths constrained to the first quadrant.
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Log-concavity and log-convexity

@ [Ghemit and Ahmia 2024] ~~

> Rows of the 2-Catalan triangle are log-concave.
» Sequence of 2-Catalan numbers is log-convex.

@ Method: certain lattice paths constrained to the first quadrant.

@ Open question in [Ghemit and Ahmia 2024]: Analyze
log-convexity /concavity of rows/columns of any s-Catalan triangle.
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Log-concavity and log-convexity

@ [Ghemit and Ahmia 2024] ~~

» Rows of the 2-Catalan triangle are log-concave.
» Sequence of 2-Catalan numbers is log-convex.

@ Method: certain lattice paths constrained to the first quadrant.

@ Open question in [Ghemit and Ahmia 2024]: Analyze
log-convexity /concavity of rows/columns of any s-Catalan triangle.

Using our results, we provide the following lattice path interpretation of
the numbers in the (m — 1)-Catalan triangle for any positive integer m — 1.

Proposition ([JLMO 2025])

Form>2,n>1, and k > 0, C,(,'Z_l) counts the m-admissible lattice
paths of degree n(m — 1) — k whose m-free monomials are not in
in(hnm,1). The rows of the (m — 1)-Catalan triangle are log-concave.

Matthias Orth (KU Leuven) Grobner bases and Lefschetz properties 26 June 2025 45 /47



Outlook

Open problem

Classify the algebras R/l m « with respect to the WLP.

Matthias Orth (KU Leuven)

Grobner bases and Lefschetz properties



Outlook

Open problem
Classify the algebras R/l m « with respect to the WLP.

Open problem

Can our lattice path interpretation be used to prove log-convexity for the
sequence of (m — 1)-Catalan numbers?
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Thank you for your attention!

Matthias Orth (KU Leuven) Grobner bases and Lefschetz properties 26 June 2025 47 /47



	Overview
	Gröbner bases and Lefschetz properties
	Related conjectures and results
	Initial ideal and lattice paths
	The reduced Gröbner basis
	Applications and outlook

